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HOMOGENIZATION OF DEGENERATE NONLINEAR
DIRICHLET PROBLEMS IN PERFORATED
DOMAINS OF GENERAL STRUCTURE -
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ABsTRACT. Itis considered a family of boundary value problems for degenerate nonlinear
elliptic second order equations in divergence form in 2 sequence of domains (%) C 0 C
R"™ s = 1,2,... . The class of equations under consideration is characterized by energetic
space WI} (2}, w},2 < p < n, where function w{z) belongs to the certain Muckenhoupt

class. Any geometric hypothesis on the structure of domains (%) are not presupposed.
1t is assumed that there exists a sequence r, tending fo zero, as s — oo, such that the
inequality cappw {K{zo, \H} < Aw(K{(2o, 7)) is valid for every zo € 1 and every
r > v, . Here K{zg,r}) is the cube with centre 2¢ and edge 2+, w({K{zg,+}} denotes
the weighted measure of K{xp,r} and capp. denctes the weighted (p,w)- capacity.
The strong convergence in W2 {8, w),m < p, of solutions u,(2) of problems under
consideration is established and the lmit boundary value problem is constructed.

In this paper we study the homogenization of a family of Dirichlet problems for
degenerate nonlinear elliptic second order equations in perforated domains of general
structure provided that the weight function belongs to the certain Muckenchoupt class.

Let {2 be any bounded open set in the n-dimensional Euclidean space R™ and let
Q) s =1,2,..., be an arbitrary sequence of open subsets of Q. In the domain (%
we consider a nonlinear elliptic boundary value problem

d du Bu |
E Eja,(mu,a ) aa(a:_,u,az),_ z €Y, (}.)

u({z} = f(=z), z € a0, _ (2)
Our conditions on coeflicients a;(xz,u, ) 3 =0,1,... ,n, and function f(z} provide

the existence of solution u,(z) € f(z) + W (2%}, w) of problem (1), (2) for every s
and the boundedness of the sequence u,(z) in W, (Q(’),w) where the function w(=)
belongs to the certain Muckenhoupt class. In the present paper we estabhsh the strong
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convergence of the sequence u,(z) in W) (Q,w) for every m < p, as s = oo, and
construct a boundary value problem satisfied by the limit function.

Similar problems under suitable geometric assumptions on the sets Q(*) have been
considered by the author in [1-3]. The asymptotic behaviour of the solutions of degener-
ate nonlinear Dirichlet problems has been studied for a family of domains with a finely
granulated boundary and for perforated domains with more complicated microstructure
(in particular, a smallness of diameters of cavities relative to distances between them
has not been assumed). In this paper we consider a homogenization of degenerate non-
linear elliptic boundary value problems (1), (2) without any geometric assumptions on
the structure of the sets Q\Q(*).

In the nondegenerate case (i.e. w(z) = 1) the linear problems of homogenization
under similar assumptions on the structure of perforated domains have been investigated
in [4,5], and the nonlinear problems of homogenization have been investigated in [6,7].

1. Let w be a locally integrable nonnegative function in R™ and assume that
0 < w < o0 almost everywhere. We say that w belongs to the Muckenhoupt class A,
(w € A¢(R™)), 1<t < oo, if there is a constant ¢, such that

1-t

1 1
< o 1‘}!(1—‘!}
_]B] !wd:c < & -——iBi /w dz

B

for all balls B in R"™. By |E| we denote the Lebesgue n-measure of measurable set
E Cc R".
Definition and basic properties of Muckenhoupt class A; were explicitly studied in

(8].

2. We assume that the functions a;(z,u,q),7 =0,1,... ,n, are defined for z € R"
and u € R!,q € R™, and satisfy the following conditions:

A,) functions aj(z,u,q) arecontinuousin u,q for almost every z € R™, measurable
in z forall u € R!,q € R™;q;(z,u,0) =0 for zc R",u e R},j =1,... ,n;

A;) there exist positive constants 1v7,15,€, such that for 2 < p <n and all z € R™,
u,v € R!,g,q € R™ the inequalities

E[a’j(‘ns u,g) — a.‘i(z?us Q)](QJ' - ‘IJ') 2 unlg - q|?w(a:),

i=1

ao(2,u,g)u > ~(v1 — €)lglPw(z) — p(2)(L + |ul)w(z),

3 las(2,u,9) = a5(2,v,9)| < va (1wl + ol + lgP +1gI7) 777 (u=v| +Ig - gw(a),

lao(=,u,9) < w2 (ulP + gI?) ** /7 w(z) + p(2)w(=)
hold, where w(z) € 4,142 (R"), [w(z)]_r-l € A_g__(l_,;_)(R ).
From (8] it follows that if w(z) € 4,_,,2(R" ) then w(z) € A,.,,{R") with 1 <

po < p—1+4 E. We assume that the constant p; and the function ¢(z) in assumption
A;) satisfies the cond.ltlons

nppo
pSP1< ’



i n
o(z) € L(Qw), r> mg?».
Remark. Let us choose wiz) = e[ ~n+p<a<n{p~1)})-{n—ps2<p<n In
this case w(x) satisfies assumption A3). This is easily verified by a direct computation.
For the purpose of formulation of the condition imposed on the sets (%) let us
introduce the notion of weighted (p,w)-capacity capy., ([8]).

Let us fix a bounded open-set {lg C R™ such that ﬁ C 1y . The number

capy w(F) xmf/la‘(;(:) ?
g

wizjde (3)

is called the (p,w)-capacity of the compact set F C {)o . The infimum in (3) is taken
over all functions v{z) € C§°(Q) which satisfy the condition v(z) =1 for z € F.
We assume that the following condition is fulfilled:
B) there exist a positive number 4 and a sequence r, > 0, tending to zero as
s — co , such that the inequality

capy.w (K(zo,r)\ﬂ{")) < Aw (K {zq,7))

holds for every r > r, and for every zo € Q such that dist (zy,30) > 2¢/nr, . Here

w{K {zo,7)) = / w(z)de
K(zo,r)

and K (zp,7)={z € R*: |z; - :cm}i <ri=1,... _,n} is the ciosed cube with centre

oz = (zw) 23} and side 2r.

The study of homogenization of nonlinear problems essentially dlsi;mg!ushes from the
linear case because by the construction of the limit boundary value problem we need
in some strong convergence of gra.&ients of solutions of the problems (1), (2}. The
proof of such strong convergence is based on special asymptotic expansion by which
solutions of nonlinear problcms (1), (2) are approximated near sets o\ by some

special auxiliary functions ny (a:, *o, k) which are defined as the solutions of some
model degenerate nonlinear boundary value problems. - '

Let ¥(z) be a function of class C™(R"™), equal to zero outside of K(0,1) and to
one in K(0,1/2). For an arbitrary real % and for a.rbztra.ry zo € ) under r < 1/2 we

define vs"(z,2o,k) as the function belonging to ke(z — a:o)-{-W (D,(zo,r) w) wiuch
satisfies the integral 1dent1ty

f: f a._,-( 0, %v(’)(z,z Ic)) &P(z)dz O (4)

jW1D.<z°,r)

 for every p(z) € W, (D,(z0,7),w) . Here D,(zo0,7) = K(zo, 1)\ {K(20,r\D®}.
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Definitions and properties of weighted Sobolev spaces W (Q,w), W, (2, w) were ex-
plicitly studied in [8,9].

The existence and uniqueness of the function e )(:c zo, k) foIlows from the global
theory of monotone operators (see, e.g. [10]). We extend v }(3: zo,k) to R™ by
setting v\° )(a: zo, k) = k¢ (z — zo) outside Dy(zo,7) -

Main role by the study of the asymptotic behaviour of solutions of nonlinear elliptic
problems (1), (2) and by the construction of the limit boundary value problem play
several integral and pointwise estimates of solutions of the model problems (4). Corre-
sponding results have been obtained by I.V.Skrypnik and author in [11].

In order to formulate one more condition on the sets Q\0(*) we introduce a capacity
connected with differential equation (1), defined for every compact set K(zq,r)\Q(*)
and for every real number k by

3’0(8) (I T k)
() 8 T 3y L0,
( (zo,r)\0"° k =z E f aj (:z: 0, —v( )(:B,:Bo,k)) 9 dz.

i lD (zp.7}

We assume that the following condition which ensure the possibility of constructing
of the limit boundary value problem is satisfied:

C) there exists a function c(z,k), continuous in (z,k) € & x R?, such that for an
arbitrary zo € Q and an arbitrary number k € R! the equality

_ . Ca(K(zo,r )\, E) |
rl‘l—% {31_1_}1130 w(K(zo,7)) } =elzo,k) (5)

holds and the convergence to the limit in (5) being uniform with respect to zo €  and
k on any bounded interval of values of k.
3. Given f(z) € W,(Q,w), a solution of the boundary value problem (1), (2) is

gl
a function u(z) € W, (), w) , satisfying u(z) — f(z) € w, (2(9),w) such that the
integral identity

[ o (ot 22 2y [ (ot 2) -

=10 Qs

o3
holds for an arbitrary function ¢(z) € W, (Q(’),-w) .

Using some methods of the global theory of monotone operators it is easy to prove
the existence of a solution of problem (1), (2) (see, e.g. [10]). We can state

THEOREM 1. Assume that the conditions A,),A;),f(z) € W, (Q,w) are satisfied.
Then for every s the problem (1), (2) has at least one solution u,(z) Moreover, there
is a constant R independent of s, such that the estimate

s (@)lwz(@e),w) < B
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holds for all s.

In what follows, u,{z) stands for one of the possible solutions of the problem (1), {2},
satisfying the above estimate. Therefore, the sequence {u,{z}} will be considered fixed.
The functions u,(z), defined for z € §1(*), are extended to §} by seiting u,(z) = f(z)
for z € O\Q), The functions u,(z), obtained in t}ns way, are defined for ¢ € {2,
belong to W (f2,w) and satisfy the estimate

”ua(”mv_v;(n,w) <R (6) |

with a constant R; independent of s. By (6}, the sequence {u,{z}} contains a weakly
convergent subsequence and, passing to a subsequence if necessary, we may assume that
us(x) converges weakly in W;(Q,w) to a function uo(z).

It is easy to prove, by Mozer’s method, that the sequence {u,(2)} is uniformly
bounded. More preciselly, the following result holds.

THEOREM 2. Assume that the conditions A1), Az), f(2) € W2(0,w) N Loo(R,w),
g > npg, are satisfied. Let u,(z) be a sequence of solutions of the problem (1), (2)
satisfying (6). Then there ezists a constant M independent of s, such that the estimate

ess sup |u,{z}| < M
TES

holds for all s.
The main result of this paper is the following

THEOREM 3. Assume that the conditions A1), Az),B),C), f(z) € W,; (S, w)N
MNLoo{f0,w), g > npy, are salisfied. Let u,(x) be a sequence of solutions of the
problem (1), (2) which converges weakly in W, (f,w) to uo(z). Then the sequence
us(z) converges to :&9(3) strongly in W2 (Q,w) for every m € (l,p), and uo{z)

belongs to  f(z) + W?(ﬂ w) and salisfies the mtegml identity

i fn e -% o 250 860 (), 2502 e

j=1

- fn o(2, F(2) — uo(2))p(z)w(e)dz

ol
for every p(z) € W,(Q,w).
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